ENGINEERING PHYSICS UNIT-4.1 QUANTUM MECHANICS

Introduction: The most accurate and complete discretion of the world is given by Quantum
Mechanics. This theory came into existence with the failure experimental results of classical
mechanics at microscopic level. Classical mechanics explains the dynamics of bodies at
normal distances and properties of light based on electrodynamics. Hence, a new theory was
developed to explain the properties of microscopic system with accuracy.

Quantum theory is the fundamental theory that explains the properties of matter at
atomic and subatomic levels, the radiation, and the interaction of radiation with matter. This
theory was developed by Max Plank, Albert Einstein, de-Broglie, Werner Heisenberg and
Schrodinger. An introduction to this idea was laid by Max Plank with the exchange of
energy between matter and radiation.

The description of microscopic systems is done through wave mechanics in terms of a
continues wave function. The energy, momentum, position, angular momentum etc. are the
dynamical variables of microscopic particle were interpreted with a wave function. This wave
function satisfies the fundamental linear differential equation, the Schrodinger wave equation.
Wave and Particle Duality (nature):

Wave—Particle duality is the concept in quantum mechanics that every particle can be
described either as a particle or wave. In order to understand the concept of dual nature, one
should have the knowledge of the characteristics of waves and particles. The particle has
mass, it is located at some fixed point and it can move from one place to other and it gives
energy when it slow down or stopped. Thus, the particle is specified by its (i) Mass (ii)
Velocity (iii)) Momentum (iv) Energy. On the other hand, the wave is a disturbance in a
medium and is specified by its (i) frequency (ii) wavelength (iii) phase or wave velocity (iv)
amplitude (v) intensity
De-Broglie hypothesis of mater waves (or) Wavelength of Matter Wave:

According to de-Broglie hypothesis, a moving particle is associated with a wave which is
known as de-Broglie wave whose wavelength is given by

A=
mv
_h
'z
Here, his the plank’s constant, mis the mass, p is the momentum and v is the velocity of
the wave.
If Eis the energy of the particle, then from quantum theory
E=hv
he
=— ... 1
© )

Here, cis the velocity of light, 4 is the plank’s constant and A is wavelength.
From Einstein’s mass energy relation,

E=mc® .. (2)
From (1) and (2),

, hc
mc” =—

Here, p is the momentum associated with the photon.

Dr.RVR Sir Physics Notes Page 1



ENGINEERING PHYSICS UNIT-4.1 QUANTUM MECHANICS

In case of material particle of mass m, moving with velocity vthen,

This equation is known as de-Broglie wave equation. From this equation if the particles are
accelerated to various velocities can produce waves of various wavelengths. Higher the
particle velocity the smaller is the de-Broglie wavelength.

If E is the kinetic energy of the material particle then,

p =+2mE

=S>mv=~2mE ... (5)

The expression for de-Broglie wavelength is,

a=t

p

h
= e (6)

De-Broglie wavelength associated with electrons:

If the velocity v is given to an electron accelerating it through a potential difference of
V volts then the work done on the electron is e} which is equal to the kinetic energy of the
electron. Thus,

—mv’ =eV
V:[ﬂ] ...... (7)
m
Multiply both sides with m,
mv = ( 2meV)
h

A=—"
mv

Substitute 6.62x107* kgm?/sfor &, 9.1x107" kg for mass of electron m, 1.6x107"° C
for charge of electron e in equation 8, then
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Properties of matter waves:
Matter waves have special characteristics when compared with electromagnetic waves. The
characteristics are:

(I) Matter waves are not electromagnetic waves.

(IT) Smaller the mass of particle, greater is the wavelength with it,

(IIT)  Smaller the velocity of the particle, greater is the wavelength associated with it.

(IV)  When the velocity of the particle v=0, then the wavelength A =0, proves that
matter waves are generated only by the moving particles.

(V)If v=oothen wavelength 4 =0, so the wave becomes indeterminate. That means no
material particle moves with infinite velocity.

(VD)  The velocity of matter waves depends up on the velocity of material particle, that
is not constant while the velocity of electromagnetic wave is constant which is
equal to the velocity of light.

(VII) The matter waves are produced with moving particles whether the particles are
charged or uncharged.

(VIII) The velocity of matter waves is greater than the velocity of light.

E=hv and E =mc?

= hv=mc*
mc?
U:
h

The wavelength of matter waves is 4 = M

mv
The matter wave velocity,
u=ol
B mc®
Chmv
CZ
v

As the velocity of the particle does not exceed the velocity of light hence the velocity of
matter waves is greater than the velocity light.

(IX) The wave and particle aspects of moving objects can never appear together in the same
experiment. Waves have particle like properties and particles have wave like properties and
both are inseparable.

(X) The wave nature of matter introduces an uncertainty in the location of the position of the
particle because the position of wave cannot be identified.

Wave Packet:

A localized wave associated with the moving particle which is formed by the
superposition of number of plane waves nearby frequencies such that they add up in some
region and cancel somewhere. This localized wave is called a wave packet.
The wave packet is localized and guides the particle for its motion. This is obtained according
to Heisenberg Uncertainty principle because if a plane wave or infinitesimal wave is
associated with the particle; either position or momentum cannot be measured
simultaneously.
Wave function:

The mathematical representation of wave packet is the wave functiony . It is

represented by
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W)= [ e

Here, a, (k)is the amplitude of harmonic wave with wav e vector kand angular frequency

y of the wave function y/(r,z).
Physical interpretation ofy :(or) Physical Interpretation of v (or) Importance of y

The probabilistic interpretation of wave function 1//(x,t) associated with a moving particle is:

l//(x,t) is a complex function.

The square of the magnitude of the wave function |w(x,t)2 or iy is a real quantity.

|l//(x,t)|20r w "y is called as probability density that is probability of finding particle
at any point in space.

|1//(x,t)|2dV or vy dV gives the probability of finding the particle in the elemental
volume dV = dxdydz

If the particle is charged particle theny ‘i or |l//|2iS the measure of charge density.

If P is the total probability density then the probability of finding the particle
throughout the space is,

P= jl//*l// dv

= ([ dxdyaz

Normalization condition:
There should be certainty in finding the particle somewhere in the space. So, the total

probability must be unity. Then the probability density is integrated over space is
unity.

J.l//*l// dv =1

or

[l dxdydz=1

The wave function satisfying the above condition is said to be normalized.

Limitations of wave functiony :

v must be finite for all values of x,y,z

w must be single valued that is for each set of values of Xx,),zthe wave function
w must have only one value.

¥ must be continues in all regions except where potential energy is infinite.

¥ must vanishes at the boundaries.

v is analytical that is it possesses continues first order derivative.

A wave function satisfying the following condition is said to be an orthogonal wave
function,

I:wfwjdx=0 (i;tj)
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Schrodinger’s time independent wave equation: In 1925 Schrodinger developed wave
equation for material particles based on de-Broglie’s dual (particle &wave) nature of matter.
The wave function, solution of these wave equations, represents the state of the particle in
any quantum mechanical system and is used to solve problems in quantum mechanics. By
using wave function one can calculate variables such as position, momentum, energy of the
particle.

Consider a particle of mass m moving with a velocity valong the x-direction is associated
with a wave called de-Broglie waves at any instant of time 7. Let (//(x,t)be the wave
displacement for the de-Broglie waves at any location xat time f, then the differential
equation for the wave motion in one dimensions is given by,

o’y

1 . .
Ty e (1) Here, vis the velocity of the wave.

ox* v’ o
The solution for equation (1) is
vx) =y, ()™  ..(2)

Differentiating the equation twice with respect to 7, we get

Substitute equation (3) in equation (1),

vy o
= =——y .. 4
8x2 VZ l// ( )
=270
We know that, -2,
A
o 2
—=— ... 5
o= (5)

Substitute equation (5) in (4) we obtain,
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Oy 4n’
ox> 22
o’y 4rn’
Sy‘i‘ 2’2 l//:O ...... (6)

. . h . .
Substitute de-Broglie wavelength 4 = — in equation (6)
mv

O’y Artm’V’
= + =0 ... 7
ox’ h? v ( )
If E and V are the total and potential energies of the particle then kinetic energy is,
KE=E-V
1

=—mv’
=m’v’ = 2m(E —V) ....... (8)

(multiply w ith 7 on both sides )
Substitute (8) in (7),

0’ v 87°m
=5t (E-Vw=0 ... 9)
In quantum theory we use reduced plank’s constant,
h
h=—
2

Now the equation (9) reduced to,
0’ v 2m
=5t h2(E Vg =0 .....(10)
Extending the equation (10) for three dimensional wave,

Oy Oy 0y 2
:>a‘2”+ay"2’ 6'/2’ hT(E V=0 .. (11)

2
Using the Laplacian operator, = V> + h—T(E — V)u/ =0 ... (12)

Equation (12) is known as Schrodinger’s time independent equation.
Schrodinger’s time dependent wave equation:

The differential equation representing one dimensional wave motion associated with a
particle is,

0* 1 6°
v — v (1)

ERCR P S

Here, vis the velocity of the wave.

The solution for equation (1) is

plx)=y,(x)e™  ..(2)

Differentiating eq (2) with respect to ¢, we get
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al// . -ioi
— =—iw e
o (l//o)
— =—i(2rv)e™
Py (2rv)

=—i2zoy  (fom eq.(2))

= _zm‘(%}y (E =hv orv=

—iE h
== h=—
h v ( 27[}

> |t

J

—ih oy
ot
Substituting the value of E from Schrodinger’s time independent wave equation, we get

:>V21//+il—T(E—V)z//:O

=V +2—T(z’haa—v;—VWJ=0
2

ht o, . Oy
vy ivy =i 4
= ViV =i (4)

This equation is known as Schrodinger’s time dependent wave equation. Equation (4) can be
written as

2
(—?—vz +VJ!// _in ¥

m ot
Hy=Ey .. (5)
A f?
Where H = (—2—V2 + VJ is the Hamiltonian Operator.
m

And E = ihz—f is Energy Operator

Equation (5) represents the motion of a non- relativistic material particle.
Particle in one dimensional potential box (or) potential well (or) Energy levels of a
particle enclosed in one dimensional potential box of infinite height:
Consider a particle of mass mmoving along with x-axis enclosed in one dimensional
potential box and the width of the box is a and has elastic collisions with the walls.
The boundary conditions are,
V(x)=0 for0<x<a
V(x)=oo for0>x>a
To find the wave function w of the particle with in the box of length a, consider the
Schrodinger one dimensional time independent wave function,
o’w  2m

=t (E-V=0 ... (1)

Since the potential energy inside the well is zero that is ' =0 equation (1) becomes
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i j L— V=00

f;\ =
I
V
l
2=0
2 Fig: One.y - i ”
= a l// + 2_m(E)l// — 0 meﬂ’é”w\rt(;.é éz,u:.,u;/ e L /’f/ﬂ-/-.;
ax2 2
2mE
Say, e =k’
Then the equation becomes,
Py,
= —"+kKy=0 ... (2)
ox

Equation (2) is a second order differential equation. So, the solution will have two have two
arbitrary constants.
The solution for equation (2) is,

w(x)= Asin kx+ Bcoskx ... (3)

Here, A and B are arbitrary constants which can be obtained by applying boundary
conditions.
(1) Atx=0there is no chance for finding the particle at the walls of the box.

a. ~y(x)=0

Equation (3) becomes,
0= Asin 0+ Bcos0

B=0 (. sin0 =0,cos 0=1)
(i) At x=aand y(x)=0

Equation (3) becomes

0= Asin ka+ Bcoska
s Asinka=0 (-~ B=0)

In this equation, since B=0, A+ 0so,
sin ka=0
We know sin nzz =0

Comparing these two equations,
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nr=ka

Normalization of wave functiony :

For a one dimensional potential box of length a, the probability
P= I|w|2 dx =1

0
f nr
=jA2sin2—.x=1
0 a

(',/-l , ] ne|
=>-—a= %o —A—> Y
s T 9 R A
a s Potenktal ‘ox |

Substitute the value of A4 in equation (5),

l//(x):\/% sin(%}x ......... ()

This equation is known as normalized wave function. Also equation (7) gives the wave
functions of the particle enclosed in infinitely deep potential well. The wave functions of the
particle that is y,,y, and y, corresponding to n =1,2 and 3 are shown in the figure2.

Also from equation (4),
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2
= 2mE _nx (from eqaution k> = ZZZEj

Where, n=12and3 and7%= L
2

From equation (8) it is inside an infinitely deep potential well, the particle can have only
discrete set of values of energy that is the energy of the particle is quantized. The discrete

energy values are given by

222
El=ﬂh2forn=1
2ma
222
E2=4ﬂ h2 forn=2
2ma
2h2
E3:97z —forn=3
2ma
222
E4:16ﬂ7; forn=4
2ma

The energy levels are shown in the figure.

2 maY ‘

Ffag" E“\d.?‘; ,LU/F_[A Oﬁ a ‘/)a\l vele
SRt R, oun Wﬁ‘h'){ J)otmli{m( well .

The probability density that is the probability of finding the particle is given by,
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Plx)=ly[ dx
~ P(x)= @ sin (7”}6

The probability density will be maximum when

nm _x 3% S

» R
a 2a 5Sa

S Xx=—,—, ...
2n 3n 2n

For n=1lthe particle is most likely to be found at the middle of the box because |y is

. a
maximmum at x = E

3 D . 3 .
For n=2, x= % and Ta the particle is most likely to be found atx = % and Tahere lw|2 is
maximum at these points.

Similarlyat n=3 x = a ,3_a and e
6 6 6

The variation in the probability densities is shown in the figure.

Numerical Problems on Problems on Quantum Physics
1. Calculate the wavelength associated with an electron raised to a potential 1600 V?

Solution: Given that,
Potential V= 1600 V
The wavelength associated with an electron is,
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q- 1.277 am
V

N

1.277 om
V1600
=0.031nm

=0.31A"°
2. An electron is bound in one —dimensional infinite well of width1x10'"° m. Find
the energy in the ground state and first two excited states.

Solution: Given that
Width of potential well L =1x107'" m
The energy associated with n'" level is,

n*h?
" 8ml?
Here, h is Plank’s constant, m 1s mass of electron and L is the width of infinite well.
Substitute 6.64x107* I.s for &, 9.1x107" kg for m, 1for nand 1x107"° mfor L in the
energy equation.

n’h?
" Sml?
(1)*(6.64x107* s}
E = -
8(9.1x10 kg)1x10™° m)
=0.6038x10"" J
~_0.6038x10"7
1.6x107"
=37.73eV
The second energy state is,
E, =4E,
=4(37.73eV)
=150.95e¢V
The third energy state is,
E, =9E,
=9(37.73eV)
=339.639 eV

3. Calculate the wavelength associated with an electron of energy 2000eV ?

Solution: Given that, the energy associated with an electron £ = 2000 eV
Convert the energy of electron in eV to J.

2000 e V =2000(1.6x107"°)J
1

E=—mv’
2
The kinetic energy is, = Bl
2m

p=~N2mE
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The wavelength associated with the electron is,

A=l

p
h
N2mE
Here, / is Plank’s constant, 7 1s mass of electron and L is the width of infinite well.

Substitute 6.64x107** J.s for 4, 9.1x107*" kg for m, and
2000 eV =2000(1.6x107"° )] for E in the wavelength equation,
izt
p

_ 6.64x107" J.s
J200.1x107 kg)(2000(1.6 x10™°))
=0.0275 nm

4. Calculate the velocity and kinetic energy of an electron of wavelength 1.66x107' m

Solution: Given the wavelength of electron is,
A=1.66x10""m
Wavelength and velocity of an electron is related by the equation,

h
A=—o
my
Here, /4 is Plank’s constant, m is mass of electron and vis velocity of electron.

The velocity of electron is,
h

" ma
Substitute 6.64x107* J.s for 4, 9.1x107*" kg for mand 1.66x10™"° m for A in the above
equation,

\%

(6.64x10 J.s)
(9.1x10™" kg [1.66 x 107" m)

=438.9 m/s
The kinetic energy of electron with the wavelength is,

KE = lmv2
2
Substitute9.1x 107" kg for mand 438.9 nvs forv in the above equation,
KE = lmv2
2

_ %(9.1>< 107" kg)438.9 ms )

=8.754x10"%J

_ 8.754x10™"° v
1.6x107"

=54.71eV
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ASSIGNMENT TOPICS

(A) What are matter waves? Obtain the expression for wavelength of matter waves?
[10M;CO4;Understand]

(B) Calculate the wavelength associated with an electron raised to a potential 1600 V. —
[2M;CO4;Apply]

(A) Derive the de-Broglie wavelength of matter waves associated with a moving electron? Find
out the wavelength of electron moving with a potential of 100V [8M;CO4;Apply]
(B) Discuss briefly concept of wave & particle nature. [4M;COS5;Understand]

(A) Derive the time independent Schrodinger wave equation?- [10M;CO4;Understand]
(B) Calculate the de-Broglie wavelength associated with a proton moving with a velocity of
1/20™ of the velocity of light? -[2M;CO4;Apply]

(A) Derive the time dependent Schrodinger wave equation? [10M;CO4;Understand]
(B) Calculate the de-Broglie wavelength associated with a neutron whose kinetic energy is two
times the rest of the electron? [4M;CO4;Apply]

(A) Apply Schrodinger wave equation to the case of particle in a box and show that energies
particle are quantized?— [12M;CO4;Understand]

(B) Calculate the wavelength associated with an electron raised to a potential of 69V?
[2M;CO4;Apply]

(A) Explain the physical significance of wave function?—[6M;CO4;Understand]
(B) Calculate the wavelength associated with an electron of energy 2000 €V [6M;CO4; Apply]

(A)Describe the characteristic properties of matter waves- [8M;CO4;Understand]

(B)An electron is bound in one dimensional box of size 4% 10" m what will be the minimum
energy?- [4M;CO4; Apply]

(A) Differentiate matter waves with Electromagnetic waves--[8M;CO4;Understand]
(B)Compute the de-Broglie wavelength associated with a cricket ball of weight 120 grams
moving with a velocity of 150 Km/hour striked by Virat Kohli in a 20-20 match against
Srilanka.— [4M;COS5;Apply]

(A) Explicit constant “A” from one dimensional potential box of length a of equation

l/’(x) = Asin kx by using normalization of wave function ¥ [8M;CO4;Apply]
(B)Compare the ground state energy Eigen value of an electron confined in a box of length
1A"to that of a 50g golf ball confined in a box of length 50cm. [4M;CO4;Apply]

10

(A) What are the limitations to be satisfied by an acceptable wave function? —
[6M;CO4;Understand]

(B) Compute the deBroglie wavelength associated with a cricket ball of weight 130 grams
moving with a velocity of 160 Km/hour striked by Rohith Sharma in a 20-20 match against
Newzeland.— [4M;CO4;Apply]
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